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Abstract

Energy transport in di�using systems is studied with special attention devoted to the transport that occurs as a
result of mass di�usion,

P
cpk~jk � rT: Dimensionless parameters are presented for determining the importance of

this transport mechanism; as an example of the application to heat and mass transfer, mixing of a binary gas in a

heated, elliptic channel ¯ow is studied. It is shown that the energy transport by mass di�usion can be an important
transport mechanism which should be considered in non-isothermal systems, e.g. in CVD processes where it has
often been neglected. The literature also refers to the divergence of the energy ¯ux by species interdi�usion, r � ~q�d �
� r � P hk~jk: It is pointed out that this term depends on the enthalpy datum states of the species. Therefore,
neglecting this term in the energy equation requires that another term also be neglected so that the resulting energy
equation is independent of the enthalpy datum states. Neglecting only the divergence of the energy ¯ux by species

interdi�usion would be incorrect because the resulting energy equation would then (incorrectly) depend on the
enthalpy datum states. 7 2001 Elsevier Science Ltd. All rights reserved.

1. Introduction

Heat and mass transfer are essential transport mech-
anisms with broad applications, e.g. in thermal protec-
tion, materials processing, combustion, evaporation,

etc. Early comprehensive studies were motivated by
the need to protect surfaces from the e�ects of high
temperatures generated in thin boundary layers and
stagnation regions during reentry. Hartnett and Eckert

[1] and Eckert et al. [2,3] studied the complex transport
processes in transpiration cooling in boundary layers
for ¯at plate and stagnation ¯ow con®gurations. Spar-

row et al. [4±6] included energy transport due to the

Dufour (di�usion-thermo) e�ect and mass transfer due
to thermal di�usion (the Soret e�ect) in transpiration

cooling in stagnation ¯ow; they also studied the e�ect
of buoyancy in a horizontal cylinder con®guration.
Lees [7] examined chemical reactions in boundary

layers with transpiration cooling, where the e�ects of
thermal di�usion were considered to be small; Kendall
et al. [8] studied multicomponent transport in bound-
ary layer ¯ow with ablation and chemical reactions;

they included the Dufour energy transport mechanism
and the Soret mass transfer e�ect.
Important heat and mass transfer contributions are

also present in materials processing where the trans-
port is often elliptic. Mahajan and Wei [9] studied sili-
con chemical vapor deposition (CVD) in a channel

¯ow including the e�ects of buoyancy, variable proper-
ties, mass-transfer by thermal di�usion and energy
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transport by the Dufour e�ect. Kleijn [10,11] studied

CVD in stagnation ¯ow and channel ¯ow reactor geo-

metries including the Soret and Dufour e�ects. Weaver

and Viskanta [12] examined heat and mass transport in

a binary gas system in an enclosure including the Soret

and Dufour e�ects and species interdi�usion. Evans

and Greif [13] studied the multicomponent mass trans-

fer in a tubular CVD reactor with surface chemical

reactions. Kuijlaars et al. [14] studied the CVD of

tungsten in a stagnation ¯ow reactor including multi-

component di�usion and the Soret and Dufour e�ects.

In the analysis of elliptic CVD problems, the energy

transport by mass di�usion,
P

cpk~jk � rT (Eq. (2b))

has often been omitted. The present study considers

the energy transport by mass di�usion in an elliptic

system and derives dimensionless parameters to estab-

lish its importance. We note that the energy transport

by mass di�usion is not the Dufour (di�usion-thermo)

e�ect; this e�ect, along with the mass di�usion due to

the temperature gradient (Soret e�ect), are not

included here but both have been studied by Sparrow

et al. [4], Mahajan and Wei [9], and Kleijn [11].

2. Analysis

Heat and mass transport in non-isothermal con-
ditions requires that the energy equation be solved.
One form of the energy equation (neglecting viscous

dissipation, pressure and body force work, Dufour
e�ect, and internal heat generation terms) for multi-
component ideal solutions [15] is,

r
Dh

Dt
� r �

X
hk~jk � r � �krT �: �1�

Approximations to this form of the energy equation

must be made very carefully, and a detailed examin-
ation is presented in Appendix A. A form of the
energy equation that is often more convenient (which
is obtained by making the same assumptions that were

invoked to derive Eq. (1)) is:

rcp
DT

Dt
�
X

~jk � rhk � r � �krT � ÿ
X

hk _rk �2a�

or when the enthalpy hk of species k depends on tem-
perature only (Hhk=cpkHT, [16]):

Nomenclature

D substantial derivative
D binary di�usion coe�cient (cm2/s)
H height of channel (1 cm in present study)

(cm)
Lch characteristic length (cm)
Le Lewis number (=a/D=Sc/Pr )

PeM Peclet number for mass transfer (=uchLch/D)
Pr Prandtl number (=n/a=cpm/k )
Sc Schmidt number (=n/D)

T temperature (K)
Yk mass fraction of species k
cp mixture speci®c heat at constant pressure

(=a cpkYk) (erg/g K)

cpk speci®c heat at constant pressure of species k
(erg/g K)

h enthalpy of mixture (=a hkYk) (erg/g K)

hk enthalpy of species k (erg/g K)
~jk mass di�usion ¯ux of species k (g/cm2 s)
k mixture thermal conductivity (erg/cm s K)
~q energy ¯ux (erg/cm2 s)
~q
�d �

energy ¯ux due to species interdi�usion
(=a hk~jk� (erg/cm2 s)

qref reference conduction heat ¯ux (=kmix

(TupperÿTlower)/H ) (erg/cm2 s)
_rk mass production rate of species k due to

homogeneous chemical reaction (g/cm3 s)
~u mass average velocity vector (cm/s)
uch characteristic velocity (cm/s)

u, v axial and transverse components of velocity,
respectively (cm/s)

x, y axial, transverse coordinates (cm)

Greek symbols
a mixture thermal di�usivity (cm2/s)

m mixture dynamic viscosity (g/cm s)
n mixture kinematic viscosity (=m/r ) (cm2/s)
r mixture density (g/cm3)

Subscripts
lower evaluated at lower surface of channel ( y =

0)

mix evaluated at fully mixed conditions down-
stream of splitter plate

nd non-dimensional

l, u evaluated at lower and upper surfaces of
channel, respectively

ref reference quantity

upper evaluated at upper surface of channel
( y=H )
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rcp
@T

@ t
�
�
rcp ~u�

X
cpk~jk

�
rT

� r � �krT � ÿ
X

hk _rk: �2b�

The term pcp ~u � rT is the well-known energy trans-
port by convection. The term �P cpk~jk� � rT is the
energy transport by mass di�usion (we note that this

di�ers from the term r � ~q�d �, where ~q
�d � � P hk~jk,

which is denoted as species interdi�usion in Bird et al.
[15], and is discussed in Appendix A; Bird et al. use ~q
to denote the sum of the energy ¯uxes due to conduc-
tion, interdi�usion, and the Dufour e�ect). We now
study the importance of the contribution of the energy

transport by mass di�usion in gas mixtures and begin
with a scaling analysis of the energy equation.

2.1. Scaling analysis

We consider a steady ¯ow of a non-isothermal
binary ideal gas system; we neglect chemical reactions

and consider ordinary concentration gradient di�usion
only. Note that in general ~jk can include thermal di�u-
sion as well as ordinary concentration gradient di�u-

sion but in this study thermal di�usion is neglected.
We utilize Eq. (2b) with Fick's law, ~jk � ÿrDrYk, to
obtain,

r
�
cp ~uÿD�cp1 ÿ cp2�rY1

� � rT � r � �krT �: �3�

Mills [17] has presented the boundary layer form of
the energy equation including the viscous dissipation
and pressure work terms in a form analogous to Eq.
(3). For constant thermal conductivity, k, Eq. (3) can

be written as:�
cp ~uÿD�cp1 ÿ cp2�rY1 ÿ kr

r

�
� rT � 0: �4�

The relative importance of energy transport by mass

di�usion can be determined by examining the ratios of
the mass di�usion transport term to the convection
and conduction transport terms, respectively, in Eq.

(4), i.e.:

D�cp1 ÿ cp2�rY1

cp ~u
�5�

and

rD�cp1 ÿ cp2�rY1

kr : �6�

More general ratios may be obtained utilizing Eqs.

(2a) and (2b) or Eq. (3). Non-dimensional parameters
can be obtained from the ratios given by Eqs. (5) and
(6). Eq. (5) leads to:

�cp1 ÿ cp2�
cp

D
uchLch

� �cp1 ÿ cp2�
cp

1

PeM

�7�

where PeM is the Peclet number for mass transfer,
uchLch/D. Eq. (6) leads to:

�Pr1 ÿ Pr2�
Sc

�
�

1

Le1
ÿ 1

Le2

�
: �8�

3. Example problem

A binary gas mixture ¯owing in a heated channel is
studied to illustrate the transport phenomena. The two
species (H2 and N2) entering the channel are separated
by a splitter plate (Fig. 1); the lower and upper chan-

nel surfaces (at y = 0 and 1 cm, respectively) are iso-
thermal and are at di�erent temperatures. At the
downstream end of the splitter plate, mixing of the

species and heat transfer between the channel surfaces
and the gas mixture takes place. The e�ects of buoy-
ancy are not included in this study (the gravitational

term in the momentum equation is neglected); how-
ever, the e�ects of variable ¯uid properties are
included.

3.1. Results

In the section of the channel that includes the split-

ter plate, H2 enters the upper portion of the channel
( y > 0.5 cm) at a temperature of 310 K which equals
both the temperature of the upper channel surface and

the temperature of the upper surface of the 5 cm long
splitter plate; N2 enters the lower portion of the chan-
nel ( y < 0.5 cm) at a temperature of 300 K which
equals both the temperature of the lower channel sur-

face and the temperature of the lower surface of the
splitter plate. There is essentially no heat transfer
between the channel surfaces and the gas streams

throughout the inlet region containing the splitter plate
(0 < x < 5 cm). Both gas streams have uniform vel-
ocity at the inlet (100 cm/s); both gas streams attain

fully developed parabolic velocity pro®les with the
same average velocity of 100 cm/s (maximum velocity
of 150 cm/s) in the inlet region (the pressure is 100
Torr; the Reynolds numbers based on the channel

half-height of 0.5 cm are approximately 41 for N2 in
the lower region and 6 for H2 in the upper region; the
Schmidt numbers are approximately 0.2 in an H2±N2

mixture containing a small amount of H2 and 1.4 in a
H2±N2 mixture containing a small amount of N2; the
Peclet number, PeM, based on the channel height of 1

cm is approximately 16). The numerical solution
including the methodology and convergence criteria
that were used to solve the coupled equations were dis-
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cussed by Evans and Greif [13]. Calculations were car-
ried out with underrelaxation factors of 0.3 for obtain-

ing velocities and 0.2 for temperatures and species.
The grid system consisted of 20 axial by 30 lateral con-
trol volumes in the splitter region (before mixing, 0 <
x < 5 cm), 30 axial by 30 lateral in the ®rst 5 cm

downstream of the splitter plate, and 50 axial by 30
lateral control volumes in the subsequent 20 cm. Iter-
ations were continued until variations in the dependent

variables were less than 1±2%, where these variations
were calculated over an interval of several thousand
iterations. Changes in the number of grids by 20%

resulted in changes in the heat ¯ux on the lower sur-
face by less than 4% in the region near the splitter
plate (where there is a step change in the surface tem-

perature) and less than 1% further downstream.
Downstream of the splitter plate (x > 5 cm), the

gases mix and heat is transferred from the upper sur-
face through the gas mixture to the lower surface. At

the upper surface, for x somewhat larger than 5 cm,
there is a larger conduction heat ¯ux than at the lower
surface (Fig. 2, where the magnitudes of the heat ¯uxes

are shown). This is due to the predominance of H2

near the upper surface, while at the lower surface the
predominant species is N2 �kH2

=kN2
� 7:2 at 305 K�: The

conduction ¯uxes approach the same value as the ¯ow
develops downstream and the mixture becomes uni-
form �XH2

� 0:492, XN2
� 0:508� for x > 20 cm. The

non-dimensional heat ¯ux shown in Fig. 2 is de®ned

as:

qndl,u
�
�
k @T@ y

�
jl,u

qref

�9�

where qref=kmix(TupperÿTlower)/H.

Immediately downstream of the splitter plate (5 R
x R 6 cm), the temperature of the gas in the lower
region of the channel remains closer to the lower sur-

face temperature as compared to the gas temperature
near the upper surface, which deviates more from the

upper surface temperature (cf. the solid curve in Fig. 3
which shows the temperature pro®le across the channel
at x = 5.5 cm; also cf. the isotherms in Fig. 4). This
e�ect is due to the predominance of lower conductivity

N2 gas in the lower region of the channel compared
with the higher conductivity H2 gas in the upper region
of the channel. The upper surface conduction heat ¯ux

reaches a maximum (Fig. 2) at x 1 6 cm (approxi-
mately 1 cm downstream of the end of the splitter
plate). As the gases continue to mix (Fig. 5) the ther-

mal conductivity decreases at the upper surface as the
smaller conductivity N2 di�uses into this region; near
the lower surface the thermal conductivity increases

Fig. 1. Geometry and boundary conditions (not to scale).

Fig. 2. Non-dimensional conduction heat ¯uxes �k� @T@ y �jl,u=qref �
at lower (solid line) and upper (dashed line) surfaces of the

channel downstream of the splitter plate.
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downstream as the larger conductivity H2 di�uses into

this region.

On both sides of the splitter plate the velocities (not

shown) are 0 at the surfaces ( y=0.5+, 0.5ÿ cm). Im-

mediately downstream of and near the splitter plate

the velocities increase; the lower kinematic viscosity of

N2 (1/7th of H2) results in larger velocities below the

centerline ( y= 0.5 cm). In general, the e�ects of com-

position, geometry, and heat transfer a�ect the velocity

distribution; in particular, the changes in the density

and viscosity due to mixing are most important in

determining the change in the velocity distribution for

this problem because changes due to the temperature
di�erence are small due to the small temperature

di�erence of 10 K.
As noted above, far downstream the composition

becomes uniform (not shown). The isotherms are

almost uniformly separated in the y direction (Fig. 4)
and the velocity distribution attains an almost fully
developed parabolic pro®le (not shown).

The relative importance of the energy transport by
mass di�usion,

P
cpk~jk � rT, to conduction is now

considered by ®rst utilizing Eqs. (4), (6) and (8), i.e.:

rD�cp1 ÿ cp2�rY1

kr 0rD�cpH2
ÿ cpN2

�
�k=H �

�YH2,top
ÿ YH2,bot

�x�0
H

0
�

1

LeH2

ÿ 1

LeN2

�ÿ
YH2,top

ÿ YH2,bot

�
x�0

0�6:5ÿ 0:5� � 1 � 6:0:

�10�
The relative importance of the energy transport by

mass di�usion to the contribution by convection is
(Eqs. (4), (5) and (7)) obtained from:

D�cp1 ÿ cp2�rY1

cp ~u
0
�

D
vH

��
cpH2
ÿ cpN2

cp

�ÿ
YH2,top

ÿ YH2,bot

�
x�000:5� 7� 1

� 3:5: �11�

The evaluation of these parameters indicates the im-
portance of energy transport by mass di�usion and the

need to consider this transport mechanism in systems
or phenomena involving non-isothermal mixtures. In
evaluating Eq. (11), based on numerical results, v/u0

Fig. 3. Transverse ( y ) temperature pro®les just downstream

(at x=5.5 cm) of the splitter plate with (solid line) and with-

out (dashed line) the energy transport by mass di�usion term

�P cpk~jk � rT �:

Fig. 4. Temperature ®eld (isotherms) in a region immediately downstream of the splitter plate (5.0R xR 7.0 cm).
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vch/uch00.1 and the mixture speci®c heat, cp�YH2
cpH2

�YN2
cpN2

, was taken to be the average value for mixed
conditions and, as mentioned previously, PeM=uchLch/

D 1 16.
The e�ects of neglecting the energy transport by

mass di�usion,
P

cpk~jk � rT, on the gas temperature

pro®les and the heat transfer at the upper and lower
surfaces are shown in Figs. 3 and 6. In Fig. 6, at the
upper surface, the dimensionless surface heat ¯ux, qnd,
is larger when the energy transport by mass di�usion

is neglected (compare large-dashed and dash-dotted

lines); but at the lower surface the surface heat ¯ux is
smaller when this transport is neglected (compare solid
and short-dashed lines). Note that far downstream (x

> 20 cm) the composition becomes uniform, all four
curves of Fig. 6 merge, and the energy transport by
mass di�usion becomes 0. At x = 5.5 cm, neglecting

the energy transport by mass di�usion results in lower
gas temperature (Fig. 3). Since the energy transport by
mass di�usion goes to 0 far downstream, the tempera-
ture pro®les, with and without this energy transport

mechanism, coincide downstream (not shown).

4. Conclusions

The energy transport in di�using systems is studied
with special attention devoted to the energy transport
by mass di�usion,

P
cpk~jk � rT: Dimensionless par-

ameters are derived and evaluated in the context of dif-
fusion in non-isothermal channel ¯ow to ascertain the
importance of the energy transport by mass di�usion.

The literature refers to the divergence of the energy
transport by species interdi�usion, r � ~q�d � � r �P

hk~jk, which depends on the enthalpy datum states

of the species. Simply omitting the divergence of the
energy transport by species interdi�usion then results
in an energy equation that depends on the enthalpy
datum states and is therefore incorrect. Omitting the

divergence of the energy transport by species interdi�u-
sion and also omitting the term

P
hkr � ~jk does result

in an energy equation which is independent of enthalpy

datum states; however, the accuracy of the resulting
equation must be examined for the phenomena/system
being studied.

A non-isothermal binary ideal gas ¯ow in a channel
is studied to illustrate the transport phenomena and
the e�ect of the energy transport by mass di�usion

Fig. 5. Concentration ®eld of H2 (contour lines of constant H2 mole fraction) in a region immediately downstream of the splitter

plate (5.0R xR 7.0 cm).

Fig. 6. Non-dimensional conduction heat ¯uxes �k� @T@ y �jl,u=qref �
at lower (solid and short-dashed lines) and upper (large-

dashed and dash-dotted lines) surfaces of the channel down-

stream of the splitter plate with (solid and large-dashed lines)

and without (short-dashed and dash-dotted lines) the energy

transport by mass di�usion term �P cpk~jk � rT �:
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term,
P

cpk~jk � rT, on the temperature pro®les and
the heat transfer. It is shown that the energy transport

by mass di�usion is an important transport mechan-
ism, which should considered to be in non-isothermal
systems.
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Appendix A

Eq. (1) is repeated here:

r
Dh

Dt
� r �

X
hk~jk � r � �krT �: �A1�

We examine this form of the energy equation and in

particular the term r � P hk~jk � r � ~q�d �: Bird et al.
[15] (p. 566) have denoted ~q

�d �
as the energy ¯ux

caused by interdi�usion for a ¯uid containing n
species. Expanding the ®rst term on the left-hand side

of Eq. (A1), where h=a hkYk and cp=a cpkYk, yields:

r
X

Yk
Dhk
Dt
� r

X
hk

DYk

Dt
� r �

X
hk~jk

� r � �krT � �A2�

or

rcp
DT

Dt
� r

X
hk

DYk

Dt
� r �

X
hk~jk

� r � �krT �: �A3�

Lavine [18] has pointed out that Eqs. (A1), (A2) and
(A3) contain terms (e.g. r � P hk~jk and rDh/Dt in
Eq. (A1)) whose values change if di�erent constants

are added to the enthalpies of the individual species.
For example, if the temperature datum at which the
enthalpies of the species are assigned to be 0 is chan-

ged, then in general these terms (e.g. r � P hk~jk and
rDh/Dt ) would have di�erent values. However, for
completeness, we note that there is a special case, i.e.

when the same constant, c, is added to the enthalpy of
each species; for this case these terms would have the
same values. In detail:

r
Dh

Dt
� r

X
Yk

Dhk
Dt
� r

X
hk

DYk

Dt

� r
X

Yk
D�hk � c�

Dt
� r

X
�hk � c�DYk

Dt

� r
Dh

Dt
: �A4�

Note that a Yk=1 so that (D/Dt )a Yk=0. For the
other term in Eq. (A3) that is cited above,

r �
X

hk~jk �
X

hkr � ~jk �
X

~jk � rhk

�
X
�hk � c�r � ~jk �

X
~jk � r�hk � c�

� r �
X

hk~jk: �A5�

Note that
P r � ~jk�r � P ~jk�0:

Similarly, in the energy Eqs. (2a) and (2b) the same

constant can be added to the enthalpy of each species
without a�ecting the values of the terms in those
equations (note that

P
_rk � 0). Furthermore, if there

are no chemical reactions, the energy Eqs. (2a) and
(2b) only contain the derivatives of the species enthal-
pies, and then enthalpy datum states would not a�ect
those equations; i.e. one could then even add di�erent

arbitrary constants to the enthalpies of each species k
and (in the absence of chemical reactions) not a�ect
Eq. (2a) or Eq. (2b). A comment on enthalpy datum

states may be helpful. Considered separately, the
enthalpies of elements or chemical species are arbi-
trary. However, in a mixture or solution in which

chemical reactions can occur, the enthalpies of the in-
dividual species are not arbitrary but must be related
through heats of formation to the enthalpies of their

constituent elements or species.

A.1. Neglecting terms in the energy equation

As noted above in Eq. (A1) both the term r �P
hk~jk and the term rDh/Dt depend, in general, on

the enthalpy datum states of the species but in the
absence of chemical reactions the sum of these terms is

independent of the datum states [18]. In detail:

r
X

Yk
D�hk � ck�

Dt
� r

X
�hk � ck�DYk

Dt

� r
X

Yk
Dhk
Dt
� r

X
hk

DYk

Dt

� r
X

ck
DYk

Dt

� r
Dh

Dt
� r

X
ck

DYk

Dt
�A6�

and
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r �
X
�hk � ck�~jk � r �

X
hk~jk �

X
ckr � ~jk �A7�

which added together yield:

r
X

Yk
D�hk � ck�

Dt
� r

X
�hk � ck�DYk

Dt

�r �
X
�hk � ck�~jk

� r
Dh

Dt
� r �

X
hk~jk �

X
ck

�
r

DYk

Dt

� r � ~jk
�
:

�A8�

From the species continuity equation:

r
DYk

Dt
� ÿr � ~jk � _rk, �A9�

we see the third term on the right-hand side of Eq.

(A8) is 0 in the absence of chemical reactions. Thus, if
there are no chemical reactions then the enthalpies of
the species are arbitrary, the datum-state is arbitrary,
and the sum of the ®rst two terms on the right-hand

side of Eq. (A8) is independent of the datum states. As
noted above, if there are chemical reactions the enthal-
pies are not arbitrary but must be related through the

heats of formation.
Thus, neglecting the divergence of the energy ¯ux

caused by species interdi�usion r � ~q�d � ��
r � P hk~jk� requires that the term r a hkDYk/Dt also
be neglected so that the resulting energy equation be
independent of the enthalpy datum states. In summary,

if only the term r � P hk~jk is neglected, but the term
r a hkDYk/Dt is included, then this resulting form of
the energy equation is incorrect because it depends on
the enthalpy datum states and the results would also

incorrectly depend on the enthalpy datum states.
For completeness, we note that the right-hand side

of Eq. (A1) that only contains the conduction term is

sometimes written in another form:

r
Dh

Dt
� r �

X
hk~jk

� r �
�
k

cp
rh
�
ÿ r �

�
k

cp

X
hkrYk

�
�A10�

since Hh=H a hkYk. Note that when ~jk � ÿrDrYk

and Sc=n/D=Pr=mcp/k (Lewis number equal to 1),
Eq. (A10) becomes:

r
Dh

Dt
� r �

�
k

cp
rh
�
: �A11�

The divergence of the energy ¯ux by species interdif-
fusion on the left-hand side of Eq. (A10) has cancelled

the second term on the right-hand side of the
equation.

Eqs. (1), (2a), (2b), (A2), (A3) and (A10) are all
equivalent; e.g. substituting the species continuity Eq.
(A9) into Eq. (A3) yields:

rcp
DT

Dt
� r �

X
hk~jk ÿ

X
hkr � ~jk

� r � �krT � ÿ
X

hk _rk �A12�

which reduces to Eq. (2a). From the form of the
energy equation given in Eq. (A12), we can see that

when the divergence of the species interdi�usion
¯ux�r � ~q�d � � r � P hk~jk� is neglected, the termP

hkr � ~jk is still present which can depend on the
reference state. Thus, omitting one of these terms but

keeping the other is incorrect as discussed above.
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